Abstract The stability analysis of a generalized Dicke model, in the semi-classical limit, describing the interaction of a two-species Bose-Einstein condensate driven by a quantized field in the presence of Kerr and spontaneous parametric processes is presented. The transitions from Rabi to Josephson dynamics are identified depending on the relative value of the involved parameters. Symmetry-breaking dynamics are shown for both types of coherent oscillations due to the quantized field and nonlinear optical processes.
By using the symmetric and asymmetric stationary eigenstates of the GrossPitaevskii equation for a macroscopic condensate trapped in a symmetric doublewell potential, the nonlinear Hamiltonian (in units ofh) describing coherent atomic tunnelling between two zero-temperature BECs is equivalent to that of a nonrigid pendulum [6, 7] , i.e.,
where the length of pendulum decreases with the angular momentum z, which denotes the fractional relative population between the condensates in the two wells.
The ratio of the on-site interaction energy and the coupling matrix element is characterized by the parameter Λ , while the tilt angle Φ shows the phase difference between the two condensates. This nonlinear system allows for macroscopic quantum self-trapping (i.e., localized oscillations of the fractional population difference z), which can be easily deduced from the equations of motion of the system,
The fixed points of such equations of motion present a pitchfork bifurcation at the critical point Λ c = 1; i.e., {z π = 0, Φ = π} for Λ < 1 and {z π = ± √ Λ 2 − 1/Λ , Φ = π} for Λ > 1. This bifurcation signals a symmetry-breaking in the dynamics of the system from Rabi to Josephson dynamics; such that for symmetric initial conditions, {z ± = ±z 0 , Φ = π}, the trajectories will be identical in the Rabi regime, Λ < 1, but localize in opposite hemispheres of phase space in the Josephson regime, Λ > 1. Figure 1 shows an example of such symmetry-breaking phenomena. The transition from Rabi to Josephson dynamics due to the pitchfork bifurcation of the fixed points has been confirmed experimentally in an equivalent model consisting of two hyperfine states of a single atomic specie BEC coupled by a classical two-photon transition in the semi-classical limit [8] .
Recently, strong coupling between a BEC and the quantized field mode of an ultrahigh-finesse optical cavity has been demonstrated [9, 10, 11] . The spectra of these strongly-coupled systems shows a level splitting attributed to different hyperfine structures of the given atomic species. Motivated by these experiments, here, we consider a gaseous BEC, composed of bosonic atoms populating two hyperfine levels, coupled to a quantized field cavity mode, including nonlinear interactions among the ultracold atoms. Instead of two trapped BECs interacting through quantum tunnelling in a double-well potential, the hyperfine levels of the two-species condensate are driven by the quantized cavity field. It will be demonstrated later that the Hamiltonian describing this system consisting of a BEC in a cavity can be reduced into a nonlinear Dicke model with an additional atom-atom quadratic interaction term; in the semi-classical limit, this system can be though of as a pendulum with changeable mass. In order to study a general model, we consider second and third order nonlinear processes for the field. Our goal is to present a steady-state analysis of the equations of motion in the large-ensemble-size limit for the collective dynamics of this system. In Section 2, the model and possible physical realizations are presented and discussed. In order to present analytical results, a weak regime is defined in Section 3 for weak coupling and nonlinearities (compared to the frequency of the driving field). The symmetry of Josephson dynamics is shown to break by the driving quantum field. Finally, Section 4 closes with a summary.
Model
The proposed model Hamiltonian describing the interaction of a single electromagnetic cavity modeâ coupled to a BEC with two internal hyperfine structure levelsb ↓ andb ↑ can be obtained from the Gross-Pitaevskii equation describing a two-species BEC interacting with a quantum field [12] and is written as,
where the frequency ω 0 is the cavity mode frequency, the parameter g is the coupling strength between the cavity mode and condensed atoms, and N is the number of atoms in the condensate. The energies of two internal hyperfine levels are labelled as E ↓ and E ↑ with an intra-atomic transition frequency ω a ≡ E ↑ − E ↓ . Here, we suppose the interaction Hamiltonian as a coupled two-component BEC [13] , by introducing G j j ( j =↑ and ↓) and G ↑↓ for the inter-atomic and intra-atomic interactions, respectively. The Hamiltonian in Eq. (4) 
where we have dropped the constant energy term
The average interaction energy of each atom is defined as
to account for the collective interaction among the condensates. The frequency detuning between cavity field and hyperfine transition is given by ∆ = ω a − ω 0 . In the following analysis, only positive values of ξ are considered (repulsive interaction) for the case of intra-species interaction, G ↑↑ or G ↓↓ , larger than the inter-species interaction, G ↑↓ .
Equation (5), the starting Hamiltonian for our analysis, corresponds to a generalized Dicke Hamiltonian without the rotating wave approximation and an additional atom-atom quadratic nonlinear interaction. It is well known that the Dicke Hamiltonian describes the collective dynamics for an ensemble of two-level systems driven by a quantum field cavity mode within a quantum electrodynamics (QED) configuration [14] . From many-body physics, the Hamiltonian in Eq. (5) is also equivalent to the Lipkin-Meshkov-Glick (LMG) model in the limit g = 0 [15] . Through the interaction among ensemble atoms, the LMG model, originally for N fermions distributed in two N-fold degenerate levels and interacting via a monopole-monopole force, was used to describe the Josephson effect in a two-species BEC and found to produce maximal pairwise entanglement of formation at the phase transition of its ground state [16, 17] . Schemes proposed to implement a dissipative LMG model in optical cavity-QED [18] and in circuit-QED [19] have been discussed. The Hamiltonian in Eq. (5) hereby will be called the Dicke-LMG (DLMG) Hamiltonian. Recently, it has been theorized that the ground state of the DLMG model supports phase transitions [20] . In the semi-classical limit, both pitchfork and asymmetric bifurcations of the stable fixed points were found for this model [21] . Also, the full quantum analysis of such a system showed a highly entangled ground state near the values of the semi-classical critical parameters [22] . Now, we extend the DLMG Hamiltonian to include a Kerr medium [23, 24] and degenerate parametric amplification [25] with nonlinear parameters κ and χ, respectively. The model Hamiltonian for such a system is given by the expression:
where the modified field frequency ω 0 = ω f − κ + 2χ involves the modifications arising from the original Kerr and parametric amplifier terms,â †2â2 and â +â † 2 .
Experimental realizations providing an assorted range of tunable parameters for the DLMG model may include a two-hyperfine-structure-defined-modes BEC coupled to a quantum cavity field mode through a one microwave photon process; e.g., trapped hyperfine ground states of a Sodium BEC inside a microwave cavity [26] . Arrays of interacting superconducting qubits coupled to the quantum field mode of a coplanar waveguide resonator may be considered as a physical realization limited by small ensemble sizes [27] .
In the literature, similar model Hamiltonians have been considered without the feedback from the BEC on the electromagnetic field; e.g., a second-order phase transition from immiscible to miscible is revealed in such a two-species systems by considering a linear mixing between the binary components [28] . Stable domainwall solutions, on top of flat continuous wave asymmetric bimodal states, can also be found near the point of the symmetry-breaking bifurcations [29] . The relative phase of domain-walls and breather-like dynamics for these dressed two-species BECs has also been studied by considering a classical external driving field [30, 31] . Our results with a driven quantum field differs considerably from earlier studies: It is found that even in the semi-classical limit, the quantum field drive manifests in the excitation ratio parameter. When this excitation parameter is small or close to one, a discrete total excitation modifies the classical dynamics of the system strongly, producing localized asymmetric dynamics where some of the phase space trajectories present a running phase; e.g., Fig.3a and Fig.3b .
The proposed Hamiltonian in Eq. (6) may be experimentally realized by a twospecies BEC, where the species are defined by two hyperfine-structure levels. The condensate is confined and coupled to a quantum cavity field mode through a onemicrowave-photon process in the presence of a Kerr and a χ (2) medium. In general, the model described by Hamiltonian (6) has complex dynamics that deserve a study on their own. In order to give a clear interpretation, here, we limit ourselves to an analytical approach in the weak regime where intra-ensemble and ensemble-field couplings, as well as nonlinearities, are small compared to the field and hyperfine transition frequencies.
Weak regime
The full Hamiltonian in Eq. (6) does not conserve the total number of excitations, N =â †â +Ĵ z , i.e., [Ĥ,N ] = 0. This fact prevents a simple approach like those given in the literature [8, 21] . This inconvenience may be bridged in the regime where nonlinearities and couplings are weak compared to the field and transition frequencies. In this weak regime it is possible to define a couple of unitary transfor-
The first of these transformations is equivalent to consider a squeezed basis; while the second one is similar to a polariton transformation and provides an effective rotating wave approximation, with the introduction of the small parameters η = χ/ω 0 1 and ν = g(1 − 2η)/ (ω a + ω 0 − 4χη) 1, respectively. The following effective Hamiltonian, up to a constant and in units ofh, is obtained by neglecting all the products of couplings with nonlinearities (i.e., κ, ξ , χ, λ , η and ν are all at least a couple orders of magnitude smaller than the field and atom frequencies) and moving into the frame defined by the total excitation number rotating at frequency
Here, the frequency detuning is given by δ = ω a − ω and the effective ensemblefield coupling is λ = ων. This effective Hamiltonian in the weak regime is nothing else than the extended Dicke model studied in reference [22] plus a Kerr term. The Hamiltonian in Eq. (9) conserves the total number of excitations, [Ĥ e f f ,N ] = 0. Note that the exact dynamics defined by Hamiltonian Eq. (9) can be calculated by quantum inverse methods [33] .
Semi-classical limit
In order to link our proposed configuration to a generalized pendulum problem, we apply the mean-field approach to study the semi-classical dynamics of this twospecies BEC coupled to a optical cavity mode. It is possible to approximate the expectation values by considering the system in a separable state composed of a coherent photon state [34, 35] , | √ ne ıφ , and a coherent spin 1/2 state [36, 37] , |z, θ , respectively. The expectation values for the field with the photon number n and optical phase φ are:
If the ensemble is large enough, such that N 1 but less than the restriction brought by the two-mode approximation [12, 38] , the expectation values for the ensemble operators may be approximated by those in the thermodynamic limit,
where the fractional population difference is defined by the rotating angle in the corresponding atomic Bloch sphere, i.e., z = cosθ . The conserved quantity in our system is the mean total excitation number, which is given by the expression:
This mean-field approximation plus the definition of a total phase variable, Φ = φ + θ , and an excitation ratio, k = 2N /N, allow us to write the weak regime effective Hamiltonian in units ofhNλ /2 and up to a constant as:
where the re-scaled transition detuning now is shifted by the self-phase modulation from the Kerr nonlinearity, ∆ = (δ + κ)/λ . Moreover, the re-scaled coupling ratio is defined as Λ = ξ /λ . This mean-field Hamiltonian is equivalent with that of the DLMG model in [22] , with the difference that in this case the Kerr and χ (2) nonlinearities play important roles in the frequency detuning ∆ and the characteristic interaction ratio Λ , respectively. Equation (16) may be viewed as a more general pendulum with nonlinear pendulum length and changeable pendulum mass described by the excitation ratio, k. This distinguish our system from the double-well configuration which is equivalent to a pendulum with just nonlinear pendulum length. Also, note the restriction k − z > 0 induced by the model Hamiltonian. Our system is equivalent to the case of a BEC in an asymmetric double well via a phase π-shift and a restriction given by k −z = 1/2,
Fixed points of the system
The dynamics of the semi-classical system is given by the equations of motions for the dimensionless fractional population difference and total phase variable,
Stationary states are found at the total phase variables values of Φ = 0 and π. Due to the π phase difference with Eq. (1), here the plasma and π oscillations will exchange places appearing at Φ = π and Φ = 0, respectively. The fixed points of this Hamiltonian coincide with the critical points asż ≡ ∂ H/∂ Φ andΦ ≡ ∂ H/∂ z [21] . Stationary states are found for the phase variable values Φ = 0, π and the excitation parameter value k = 3z 2 − 1 2z
Notice that, in order to obtain a real excitation ratio, k, the allowed fractional population difference is bounded to the range
An example of fixed points in the weak regime is shown in Fig. 2 . When the value of the excitation ratio k is less than or within the order of the magnitude of one, we have a quantum drive compared to a classical one (k 1). It is the the introduction of the quantum drive and nonlinear processes that brings a peculiar breaking of the symmetry, different from the pitchfork bifurcation of the classical driving. It is possible to numerically sample the parameter space, {∆ ,Λ , k}, and see that for any given excitation ratio, k, the fixed points satisfy mirror inversion at Λ = 0; i.e., z(Λ , |∆ |) = z(−Λ , −|∆ |). Also, if the frequency detuning, δ , is set to compensate the Kerr nonlinearity, δ = −κ, it is possible to recover results that have been studied in the past; e.g. Fig. 2(b) and 2(e) correspond to Fig. 2 in [21] .
From the mean-field Hamiltonian in Eq. (16), it is straightforward to see that the quantum drive restricts the phase space accessible to Rabi oscillations for low excitation ratio, k < 1, in order to keep the mean effective energy real, as shown in Fig. 3(a) and 3(b). Figures 3(c) and 3(d) allow us to see that the quantum drive also breaks the symmetry of symmetric initial conditions as isoenergetic lines are not symmetric with respect to the horizontal axis when the whole phase space is accessible. Figure 4 shows an example of asymmetric Rabi and Josephson oscillations brought by the quantum driving field. A parameter set {∆ = 0.5, k = 10} is taken and the fixed points found, Fig. 4(a) . From the fixed points, two coupling ratios are chosen in the Rabi, Λ = 1, and Josephson, Λ = 8, regimes; this procedure delivers one stable fixed point, {A}, in the Rabi regime and two stable, B,C, and one unstable, {D}, fixed points in the Josephson regime. Figure 4(b) shows typical trajectories in these two regimes, where it is possible to see that symmetric initial conditions, i.e., {z ± (t = 0) = ±z 0 , Φ(t = 0) = 0}, do not deliver symmetric trajectories. The latter can be seen straightforward from the position of the unstable fixed point, also called separatrix, and trajectories starting close to it.
In the limit where the couplings ratio is large, Λ → ∞, it is possible to see a pitchfork bifurcations depending on the excitation ratio; an approximate critical excitation ratio can be calculated as k c ≈ Λ 2 /2. At this critical value, a stable fixed point bifurcates into two new stable fixed points and the original fixed point becomes an unstable fixed point acting as a separatrix in phase space. There is a symmetry breaking in the dynamics due to the bifurcation, a transition from Rabi to Josephson oscillations; i.e., two initial symmetric states share identical dynamics in the Rabi regime, while in the Josephson regime they localize in different regions of phase space. Figure 5 shows an example of this symmetry breaking in the dynamics, in which for large coupling ratios, Λ 1, i.e. η λ , it is possible to locate a pitchfork bifurcation point, k c+ ≈ Λ 2 /2 even for the off-resonance condition, δ = 0. Now the transition between the two-level system and the field δ is different from zero but balances off the nonlinearity, i.e., ∆ = 0. This condition, η λ , relates to the phase space region where maximal shared bipartite concurrence in the atomic ensemble may be obtained in the quantum treatment of this model [22] . The difference comes from the large excitation parameter ratio arising in this semi-classical analysis, k c+ 1, i.e., N q n as z c ≈ 3/Λ 2 1.
Conclusion
In summary, we have presented an analysis of the classical dynamics of a twospecies BEC large in size driven by a quantized field in the presence of nonlinear processes. In the weak regime, we find that the nonlinear phase from the Kerr nonlinearity, κ, shifts the transition detuning of the effective Hamiltonian of a generalized Dicke model; while the χ (2) nonlinear coefficient re-scales the coupling ratio. This mean-field Hamiltonian is equivalent to a nonrigid, nonlinear pendulum, for which a transition from Rabi to Josephson dynamics is identified depending on both the intra-BEC interactions to field-ensemble coupling ratio and the ratio between the total excitation number and the ensemble size. Moreover, we find that the symmetry of Josephson dynamics is broken by the quantum field, and an actual pitchfork bifurcation point is found in the regime where the intra-ensemble interaction is larger than the field-ensemble coupling. Furthermore, It is known that symmetry-breaking in the classical dynamics of BEC may herald entangled quantum states [39, 40] . Our results may provide a deeper understanding about the collective dynamics of interacting BECs and give another example in favour of the aforementioned conjecture relating classical and quantum regimes for nonlinear systems.
